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Abstract
In this paper we pursue a “design by social choice, evaluation by statistics”
paradigm towards a principled framework for new social choice mechanisms with
superior social choice normative properties as well as statistical properties.
We propose a novel and general class of social choice mechanisms called generalized outcome scoring rules (GOSRs) that naturally extends generalized scoring
rules [19] to arbitrary outcome spaces, including sets of alternatives with fixed or
unfixed size, rankings, and sets of rankings. We show that GOSRs include a wide
range of existing methods including MLEs, Chamberlin and Courant rule, Monroe
rule, and resolute, irresolute, and ranking versions of all positional scoring rules,
STV, ranked pairs, etc. We characterize GOSRs by two social choice normative
properties: anonymity and finite local consistency. We also provide general characterizations of statistical consistency of any GOSR w.r.t. any statistical model and
matching bounds on the convergence rate, which are useful tools for extending the
Condorcet Jury Theorem [7] to GOSRs.
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Introduction

Social choice theory studies how to aggregate agents’ opinions or preferences to make a joint decision. Traditional social choice theory concerns how to reach a consensus among subjective preferences of the agents, and evaluates these mechanisms based on agents’ subjective satisfaction of
the joint decision. Ideally, we would like to respect agents’ opinions and preferences and make a
joint decision that all agents are happy with, which is often impossible due to agents’ conflicting
preferences. A typical example is political elections.
In many multi-agent scenarios, the goal is to aggregate agents’ opinions and preferences to reveal
the ground truth. For example, online retailers aggregate reviewers’ ratings of an item to provide an
estimate to the ground truth quality of the item. In such settings, instead of making a joint decision
(e.g. the aggregated score) to make agents (e.g. reviewers of an item) happy, we want to make a joint
decision with high objective quality evaluated w.r.t. the ground truth. Still we often need to respect
agents’ preferences and use a good mechanism in the social choice sense, for scenarios with strong
societal context, e.g. a group of friends vote to decide a restaurant for dinner. Even for scenarios with
less societal context, e.g. meta-search engines [10], recommender systems [12], crowdsourcing [14],
semantic webs [17], some social choice normative properties are still desired.
These scenarios naturally lead to the following challenge:“ How can we design new voting rules
with good statistical properties as well as social choice normative properties [3]?”. Azari Soufiani
et al. [3] follow a “design by statistic, evaluation by social choice” paradigm and proposed a statistical decision-theoretic framework to discover new social choice mechanisms as decision rules, then
evaluate them by social choice normative properties.
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In this paper, we answer this question by pursuing a different paradigm, which is “design by social
choice, evaluation by statistics”. We propose a novel framework grounded in social choice, and then
evaluate statistical properties of new mechanisms in this framework. More precisely, we propose
generalized outcome scoring rules (GOSRs) that naturally extends generalized scoring rules [19] to
arbitrary outcome spaces, including sets of alternatives with fixed or unfixed size, rankings, and sets
of rankings. We show that GOSRs include a wide range of methods including MLEs, Chamberlin
and Courant rule, Monroe rule, and resolute, irresolute, and ranking versions of all positional scoring
rules, STV, ranked pairs, etc. We characterize GOSRs by two normative properties: anonymity and
finite local consistency. We also provide general conditions to study the statistical consistency of any
GOSR w.r.t. any statistical model with a bound on the convergence rate, which provides a convenient
tool to extend the Condorcet Jury Theorem [7] to all GOSRs and statistical models.
Related work. The pursuit of truth-revealing social choice can be dated back to the Condorcet Jury
Theorem in the 18th century [7], which states that fix p > 1/2, for two alternatives, suppose agents’
votes are generated i.i.d. such that each agent has probability p to be correct, then the majority
aggregation of agents’ votes converges to the ground truth as the number of agents goes to infinity. In
modern statistical terms, Condorcet proposed a parametric model to capture the random generation
of votes, and proved that the majority rule, as a statistical estimator, satisfies an important statistical
property called (statistical) consistency, which should be distinguished from the consistency axiom
in social choice.
Most previous work on statistical approaches towards social choice focused on the computation and
characterization of the maximum likelihood estimators (MLEs) of various ranking models [8, 4, 9,
11, 21, 18, 13, 1, 2, 5]. Most of these works provide case-by-case evaluation of existing social choice
mechanisms w.r.t. computational properties and statistical consistency. GOSRs provides a natural
framework to obtain new social choice mechanisms, and their statistical consistency is established
by Theorem 2 in this paper.
Due to the space constraint many discussions and proofs are omitted. Some of them can be found in
the COMSOC version of this paper on the author’s homepage.
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Preliminaries

Let C = {c1 , . . . , cm } denote a set of m alternatives and let L(C) denote the set of all linear orders
over C. Each agent uses a linear order in L(C) to represent her preferences, called her vote. The
collection of all agents’ votes P is called a profile. Let L(C)∗ = L(C) ∪ L(C)2 ∪ · · · denote the set
of all profiles.
Let O denote the set of outcomes. A (deterministic) voting rule r is a mapping that assigns to each
profile a single outcome in O. Common choices of O are: (1) C, where voting rules are often called
resolute voting rules; (2) (2C \ ∅), where voting rules often are called irresolute voting rules; and
(3) L(C), where voting rules are often called preference functions (a.k.a. social welfare function). A
randomized voting rule assigns to each profile a probability distribution over O.
Many commonly-studied voting rules have resolute, irresolute, and preference function versions. For
example, an irresolute positional scoring rule is characterized by a scoring vector ~s = (s1 , . . . , sm )
with s1 ≥ s2 ≥ · · · ≥ sm . For any alternative c and any linear order V , we let ~s(V, c) = sj ,
where j is the rank of c in V . Given a profile
P , the irresolute version of positional scoring rule
P
chooses all alternatives c that maximize V ∈P ~s(V, c), where P is viewed as a multi-set of votes.
The resolute version chooses a single alternative by further applying a tie-breaking mechanism,
and the preference function version ranks the alternatives w.r.t. their scores, and sometimes uses a
mechanism to break ties.
Given the set of alternatives C and the number of agents n, a parametric ranking model MC =
(O, ~π ) has two parts: a parameter space O, and a set of distributions over L(C), denoted by ~π =
{πo : o ∈ O}. Throughout the paper, we let Pn denote an i.i.d.-generated profile of n votes from a
distribution πo that will be clear from the context.
In this paper, we focus on the cases where the parameter space is exactly the same as the outcome
space, and require that πo (V ) > 0 for all V ∈ L(C) and all o ∈ O. Given MC = (O, ~π ), a
deterministic estimator T is a function that maps each profile to a parameter (outcome) in O; a
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randomized estimator T maps each profile to a distribution over O. An estimator T is (statistically)
consistent w.r.t. a parametric ranking model MC if for all o ∈ O, limn→∞ Pr(T (Pn ) = o) → 1,
where the n votes in Pn are generated i.i.d. from πo . That is, a consistent estimator correctly reveals
the ground truth with probability 1 as the number of i.i.d. generated votes goes to infinity.
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Generalized Outcome Scoring Rules

For any K ∈ N, let BK = {b1 , . . . , bK }. A total preorder (preorder for short) is a reflexive,
transitive, and total relation. Let Pre(BK ) denote the set of all preorders over BK . For any p~ ∈ RK ,
we let Order(~
p) denote the preorder D over BK where bk1 D bk2 if and only if [~
p]k1 ≥ [~
p]k2 . That
is, the k1 -th component of p~ is at least as large as the k2 -th component of p~. For any preorder D, if
b D b0 and b0 D b, then we write b =D b0 . Each preorder D naturally induces a (partial) strict order
B, where b B b0 if and only if b D b0 and b0 4 b.
Definition 1 (Generalized outcome scoring rules) Given an outcome space O, K ∈ N, f :
L(C) → RK and g : Pre(BK ) → O, we define a generalized outcome scoring rule (GOSR), denoted by GOSR(f,g) , to be a mapping such that for any profile P , GOSR(f,g) (P ) = g(Order(f (P ))),
Pn
where f (P ) = V ∈P f (V ).
In words, a GOSR first uses the f function to transform the input profile P to a vector f (P ) =
P
K
V ∈P f (V ) in R , then use g to select the winner based on the preorder of the components in
f (P ). For any V ∈ L(C), f (V ) is called a generalized scoring vector, f (P ) is called a total
generalized score vector. To simplify notation, we let Orderf (P ) = Order(f (P )). We note that
Orderf (P ) is a preorder over BKP
, which means that it may not be a linear order. For any distribution
π over L(C), we define f (π) = V ∈L(C) π(V )f (V ) and Orderf (π) = Order(f (π)).
The next proposition shows that GOSR(f,g) is a general class of voting rules. The proof is by
construction and resembles the proof for GSRs [19].
Proposition 1 Generalized scoring rules [19] are GOSRs with O = C. The irresolute versions and
the ranking versions of positional scoring rules, Bucklin, Copeland, maximin, ranked pairs, STV are
GOSRs, with O = (2C \ ∅) and O = L(C), respectively.1
Example 1 (MLE) MLE with a fixed-order tie-breaking2 of any parametric ranking model MC is
a GOSR. Let K = |O|, O = {o1 , o2 , . . . , oK }, and for any V ∈ L(C) and any i ≤ K, [f (V )]i =
log πoi (V ). g outputs the outcome that corresponds to the largest component and uses a the same
tie-breaking mechanism as in the MLE. Not all MLEs are GOSRs. For example, the MLE that uses
the first agent’s vote to break ties is not a GOSR.

Example 2 (The Chamberlin and Courant rule and the Monroe rul) The Chamberlin and
Courant rule [6] is a GOSR, where each dimension in the generalized scoring vector corresponds
to a set of k alternatives, and its value for each ranking is the misrepresentation of the set. The
Monroe rule [15] is a GOSR, where in addition to the GOSR representation for the Chamberlin and
Courant rule, we have dimensions corresponding to (k-set,alternative) pairs recording whether the
alternative present the agent given that the k-set is chosen to be the winner; moreover, we also have
an additional dimension whose value is always 1/k to control the final selection of the k-set.
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Axiomatic Characterization

Definition 2 A set S of profiles is consistent, if for any P1 , P2 ∈ S with r(P1 ) = r(P2 ), we have
P1 ∪ P2 ∈ S. A voting rule r is locally consistent on a consistent set S if for any P1 , P2 ∈ S with
r(P1 ) = r(P2 ), we have r(P1 ∪ P2 ) = r(P1 ) = r(P2 ).
Definition 3 For any natural number t, a voting rule r is t-consistent if there exists a partition
{S1 , . . . , St } of all profiles such that for all i ≤ t, r is locally consistent within Si . A voting rule r
is finitely locally consistent if it is t-consistent for some finite number t.
Theorem 1 Given an outcome space, a voting rule is a GOSR if and only if it satisfies anonymity
and finite local consistency.
1
2

Definitions of these rules can be found in [16].
A fixed-order tie-breaking break ties among alternatives w.r.t. a fixed linear order over all alternatives.

3

The proof is similar to the proof of the axiomatic characterization in [20].

5

Consistency of GOSRs

We first introduce more notation to present the results.
Definition 4 (Extension of a preorder) We say that D0 ∈ Pre(BK ) is an extension of D∈ Pre(BK ),
if for all b, b0 ∈ BK , we have (b B b0 ) ⇒ (b B0 b0 ). For any D, D0 ∈ Pre(BK ), we let D ⊕ D0 denote
the preorder in Pre(BK ) obtained from D by using D0 to break ties. That is, bi is strictly preferred
to bj in (D ⊕ D0 ) if and only if (1) bi B bj , or (2) bi =D bj and bi B0 bj .
For example, c1 B0 c2 B0 c3 is an extension of c1 =D c2 B c3 , but is not an extension of c1 =D
c3 B c2 .
Definition 5 (Possible linear orders) Give a generalized scoring function f , we define the set of
possible linear orders over BK , denoted by PL(f ), to be the linear orders over BK that are the orders
of the total score vector of some profile. Formally, PL(f ) = {Orderf (P ) : P ∈ L(C)∗ )} ∩ L(BK ).
Definition 6 (Neighborhood) For any D∈ Pre(BK ), we define the neighborhood of D w.r.t. f ,
denoted by Nbrf (D), to be all linear orders over BK that can be obtained from D by using a
linear order in PL(f ) to break ties. That is, Nbrf (D) = {D ⊕ B∗ :B∗ ∈ PL(f )}. Given f , the
neighborhood of a distribution π, denoted by Nbrf (π), is the neighborhood of f (π) w.r.t. f , that is,
Nbrf (π) = Nbrf (Orderf (π)).
We note that the definition of neighborhood does not involve the g function.
Theorem 2 Given MC = (O, ~π ), f , and g, GOSR(f,g) is consistent w.r.t. MC if and only if for all
o ∈ O and all B∈ Nbrf (πo ), we have g(B) = o.
We can apply Theorem 2 to prove the statistical consistency of STV w.r.t. the Mallows model and
the model for positional scoring rules by [8].
Proposition 2 STV (preference function) is a consistent estimator w.r.t. the Mallows model. STV
(resolute rule) is a consistent estimator for all models for positional scoring rules proposed by [8].
Given a parametric ranking model MC = (O, ~π ) and a consistent GOSR(f,g) , we next give an upper
bound on the convergence rate of the outcome of GOSR(f,g) to reveal the ground truth. Let smax
denote the maximum absolute value of the components in all generalized scoring vectors. That is,
smax = maxV,j |[f (V )]j |. Let smin denote the minimum non-zero absolute value of the components in all generalized scoring vectors. Let dmin denote the smallest non-zero difference between
the components in all f (πo ). That is, dmin = mini,j≤K,o {|[f (πo )]i − [f (πo )]j | : [f (πo )]i 6=
[f (πo )]j }. Let pmin denote the minimum probability of any linear order under any parameter, that
is, pmin = minV,o πo (V ).
Theorem 3 Suppose GOSR(f,g) is a consistent estimator for M = (O, ~π ). For any o ∈ O and
n ∈ N, we have:



(K(K − 1)smax )3
dmin
√ = O(n−0.5 )
Pr GOSR(f,g) (Pn ) 6= o < K · exp −n · 8s
+
2
max
(2pmin )1.5 (smin )3 n
The next theorem statess that the O(n−0.5 ) bound in Theorem 3 is asymptotically tight.
Theorem 4 There exists a parametric ranking model MC where O = C and a GOSR r such that (1)
r is consistent w.r.t. MC , and (2) there exists o ∈ O such that for all even numbers n, Pr(r(Pn ) 6=
o) = Ω(n−0.5 ), where votes in Pn are generated i.i.d. from πo .
The next theorem fully characterize all GOSRs that are consistent w.r.t. some models.
Theorem 5 A GOSR is consistent w.r.t. some parametric ranking model if and only if for all o ∈ O,
g −1 (o) ∩ PL(f ) 6= ∅.
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