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Abstract
We establish an inequality that relates the cost of the Borda Count approximation
of Kemeny’s Rule to a quantitative measure of the amount of pairwise inconsistencies in the data. This result provides a deeper understanding of the connection between the Borda Count and Kemeny’s Rule as well as new theoretical guarantees
for the application of this approximation procedure in practice. Its establishment
relies on a novel framework for consensus ranking approximation that opens the
way to further similar results.
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Introduction

Thoroughly studied in the context of social choice, ranking aggregation has also attracted much
attention in the machine learning literature in the last years, due to its numerous modern applications
(see [8], [10], [12], [11], [13] , [2] or [15] for instance). If JnK = {1, . . . , n} designates a set of items
or candidates and σ1 , . . . , σN are ordered lists (seen as permutations) on JnK representing votes of
electors or results of different search engines, ranking aggregation consists in finding a permutation
σ ∗ that best “summarizes” the collection σ1 , . . . , σN . One widely used rationale is to formulate this
problem as the search of a “consensus ranking” σ ∗ that minimizes the sum of the distances to the
PN
σt ’s, i.e. a solution to the minimization problem minσ∈Sn t=1 d(σ, σt ), where d is a given metric
on Sn , the set of permutations on JnK (such an element always exists, as Sn is finite, but is not
necessarily unique).
The most studied consensus is certainly the Kemeny’s Rule, when the metric d is equal to the
Kendall’s tau distance (see section 3 for a definition). Despite its many good properties, the computation of such a consensus is however NP-hard, see [3] and [8], and many aggregation procedures, or
voting rules, have thus been proposed in the literature as approximations schemes. The Borda Count
(see section 4 for a definition) has especially been studied. In particular it has been shown that it is
is a 5-approximation of Kemeny’s rule (see [6]), that it recovers some part of the Kemeny consensus
under noise assumptions (see [19] and [14]), and that it provides a good trade-off between accuracy
and computational complexity for several datasets (see [1]).
Results from the geometric voting theory, introduced and developed by Saari (see [17] for instance),
have also provided a deeper understanding of the differences between the outputs of the Borda Count
and Kemeny’s Rule, showing in particular that they are due to the local inconsistencies between
pairwise votes in the data, see [18], [4] or [7]. Similarly, in the HodgeRank framework introduced
in [9], it was shown that the Borda Count corresponds to an l2 projection of the data on the space
of “gradient flows” (localizing the global consistencies) orthogonal to the space of “divergence-free
flows” (localizing local pairwise inconsistencies).
The main contribution of this paper is to establish a new theoretical guarantee for the approximation of the Kemeny’s Rule by the Borda Count (theorem 4), given by an inequality of the form:
1
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BC
, σt ) − t=1 d(σ ∗ , σt ) ≤ C(σ1 , . . . , σN ), where σ BC is output by the Borda Count
t=1 d(σ
for σ1 , . . . , σN and C(σ1 , . . . , σN ) is a quantitative measure of the amount of local pairwise inconsistencies in the data. Beyond deepening the explanation of the differences between the Borda Count
and Kemeny’s Rule, this result provides new theoretical guarantees for practical empirical work.
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Notations and General results

Instead of dealing directly with the collection of permutations (σ1 , . . . , σN ) we adopt the point of
view of the geometric voting theory and consider the function p : Sn → N that counts the number
of occurrences of each π ∈ Sn in the collection, i.e. p(π) = |{1 ≤ t ≤ N | σt = π}| for
π ∈ Sn . A consensus ranking of the collection σ1 , . . . , σN ∈ Sn with respect to a metric d is then
a permutation σ ∗ such that
X
X
d(σ, π)p(π).
(1)
d(σ ∗ , π)p(π) = min
π∈Sn

σ∈Sn

π∈Sn

The function p is called a voting profile, and this reformulation shows that the consensus ranking
problem can be directly defined for a voting profile or even more generally for any real-valued
function p on Sn (that we still call a profile). Let L(Sn ) = {f : Sn → R}
P be the space of real
valued-functions on Sn , equipped with its canonical inner product hf, gi =P σ∈Sn f (σ)g(σ). For
p ∈ L(Sn ) and d a metric on Sn , we define the cost function Rd,p (σ) = π∈Sn d(σ, π)p(π) for
σ ∈ Sn , and denote its minimum by R∗d,p = minσ∈Sn Rd,p (σ). The consensus rankings of p with
respect to d are then the elements of Cd (p) = {σ ∗ ∈ Sn | R(σ ∗ ) = R∗d,p }. Notice that for λ > 0
and µ ∈ R, Cd (λp + µ) = Cd (p).
The major advantage of the point of view of the geometric voting theory is to allow the use of tools
from linear algebra. For a metric d on Sn , we denote by dmax = maxσ,π∈Sn d(σ, π) its diameter
and we consider the n!×n! matrix Td defined by Td (σ, π) = dmax −d(σ, π) for σ, π ∈ Sn . The cost
function is then equal to Rd,p (σ) = C − Td p(σ) with C ∈ R a constant, and the set of consensus
rankings of the profile p according to the metric d is simply equal to the modes of Td p:
Cd (p) = {σ ∗ ∈ Sn | Td p(σ ∗ ) = max Td p(σ)}.
σ∈Sn

(2)

The following theorem establishes a general inequality that we will use to prove our main result.
Theorem 1. Let d be a metric on Sn and p, q ∈ L(Sn ). Then for any σ ∈ Cd (q),
Rd,p (σ) − R∗d,p ≤ 2kTd (p − q)k∞ .
Proof. For σ ∈ Cd (q), Td q(σ) = maxπ∈Sn Td q(π) so Rd,p (σ) − R∗d,p = maxπ∈Sn Td p(π) −
maxπ∈Sn Td q(π) + Td (q − p)(σ) ≤ maxπ∈Sn Td (p − q)(π) + maxπ∈Sn Td (q − p).
The reformulation (2) of the consensus ranking problem as well as theorem 1 highlight the fact that
for a given metric d, the consensus ranking problem related to a profile p is fully characterized by
Td p and not p. This motivates the following definition, already considered in [17] and [7].
Definition 1 (Effective space). The effective space of a linear transform T on a Euclidean space V
is (ker T )⊥ , the orthogonal supplementary of its null space.
In the present context, Td is symmetric so (ker Td )⊥ = Im Td , and Td is diagonalizable. Concretely, if we denote by E1 , . . . , Er its eigenspaces L
respectively associated with its distinct non-null
r
eigenvalues λP
1 , . . . , λr , then L(Sn ) = ker Td ⊕
i=1 Ei , where the sum is orthogonal,
Pr and if
r
p = pker Td + i=1 pi is the corresponding linear decomposition of p ∈ L(Sn ), Td p = i=1 λi pi .
Many results on the consensus ranking problem thus rely on the eigenstructure of the matrix Td . The
following lemma is one illustration (its proof is straightforward and left to the reader).
Lemma 1. If Td p = λp with λ > 0, then Cd (p) = {σ ∗ ∈ Sn | p(σ ∗ ) = maxσ∈Sn p(σ)}.
2
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Spectral decomposition of the Kemeny consensus effective space

Here and in the sequel, d is the Kendall’s tau distance on Sn , defined for π, σ ∈ Sn as the number of
discordant pairs between π and
 σ: d(π, σ) = |{1 ≤ i < j ≤ n | (σ(j) − σ(i))(π(j) − π(i)) < 0}|.
One clearly has dmax = n2 . It is well known that the Kendall’s tau distance is the metric of the
Cayley graph on Sn generated by adjacent transpositions, that is to say the graph with Sn as vertices
where there is an edge between σ ∈ Sn and π ∈ Sn if σπ −1 = (i i+1) with 1 ≤ i < n. In [16], the
eigenstructure of the distance matrix D of this graph, which is exactly defined by D(σ, π) = d(σ, π),
was fully determined. Since Td = n2 J − D where J is the n! × n! with only ones, the following
theorem is a direct consequence of theorem 39 in [16] (for the An−1 type, see the Table 5).

Theorem 2 ([16]). The eigenvalues of Td are n!/2 n2 , (n + 1)!/6, n!/6 and 0, with respective


multiplicities 1, n − 1, n−1
and n! − n2 − 1.
2

Theorem 2 shows in particular that the effective space of Td has dimension n2 + 1. We introduce
some more notations to fully characterize it. We denote by 1S the indicator function of a subset
S ⊂ Sn . For i, j ∈ JnK, i 6= j, we define the function Ki,j (σ) = sign(σ(j) − σ(i)) for σ ∈
Sn , where sign(x) = x/|x| for x ∈ R \ {0}, i.e. Ki,j = 1{σ(i)<σ(j)} − 1{σ(j)<σ(i)} , where
1{σ(i)<σ(j)} is a shortcut for 1{σ∈Sn | σ(i)<σ(j)} . Since for 1 ≤ i < j ≤ n, Kj,i = −Ki,j ,
span(Ki,j )1≤i,j≤n,i6=j = span(Ki,j )1≤i<j≤n , and we denote this space by Kn .
Proposition 1. For p ∈ L(Sn ),
 
X
1 n
1 X
Td p =
p, 1{σ(i)<σ(j)} 1{σ(i)<σ(j)} =
hp, 1Sn i 1Sn +
hp, Ki,j i Ki,j .
2 2
2
1≤i<j≤n
1≤i6=j≤n

In particular, dim Kn = n2 and (ker Td )⊥ = Im Td = R1Sn ⊕ Kn .
Proof. The first equality is obtained by noticing that for π ∈ Sn ,
X
X
X
p(σ)
I{σ(i) < σ(j)}I{π(i) < π(j)},
p, 1{σ(i)<σ(j)} 1{σ(i)<σ(j)} (π) =
σ∈Sn

1≤i6=j≤n

1≤i6=j≤n

where I{E} denotes the indicator function of the event E, and the second equality only uses that
1{σ(i)<σ(j)} + 1{σ(j)<σ(i)}
= 1Sn for i 6= j. It implies that (ker Td )⊥ = Im Td ⊂ R1Sn ⊕ Kn

n
and as dim Kn ≤ 2 and dim(ker Td )⊥ = n2 + 1, the proof is concluded.
Remark 1. Proposition 1 shows in particular that the computation of Td p only involves the quantities p, 1{σ(i)<σ(j)} . Interpreted in the multiresolution analysis framework introduced in [5], this
means that all the information of p of scale higher than 2 is irrelevant to the computation of the
Kemeny consensus of p.
An explicit construction of the eigenspaces of Td is also provided in [16] but the notations are very
far from ours. Furthermore, it happens that these eigenspaces are equal to well studied spaces in the
geometric theory of voting.
Definition 2. For i, j ∈ JnK with i 6= j, let Bi and Ci,j be the functions defined for σ ∈ Sn by
Bi (σ) = n + 1 − 2σ(i)

and

Ci,j (σ) = n sign(σ(j) − σ(i)) − 2(σ(j) − σ(i)),

and define the spaces Bn = span(Bi )1≤i≤n and Cn = span(Ci,j )1≤i,j≤n,i6=j .
The space Bn is called the Borda component in [17], it is shown to have dimension n − 1 and to
admit (Bi )1≤i≤n−1 as a basis. The space Cn is called the Condorcet component in [7], it is shown
to have dimension n−1
and to admit (Ci,j )1≤i<j≤n−1 as a basis. The following lemma shows that
2
both Bn and Cn are subspaces of Kn . Its proof is only technical and left to the reader.
P
P
Lemma 2. For i, j ∈ JnK, i 6= j, Bi = k6=i Ki,k and Ci,j = k6∈{i,j} (Ki,j + Kj,k + Kk,i ).
The following theorem makes explicit the eigenspaces of Td , it is the major result of this section.

Theorem 3. The eigenspaces of Td related to the eigenvalues n!/2 n2 , (n + 1)!/6 and n!/6 are
repsectively R1Sn , Bn and Cn . In particular, the effective space of Td admits the orthogonal linear
decomposition (ker Td )⊥ = 1Sn ⊕ Bn ⊕ Cn .
3

Proof. By theorem 2, the proof only requires to show that the spaces R1Sn , Bn and Cn are each a
subspace of the corresponding eigenspace of Td . This is done using proposition 1, lemma 2 and the
calculation of all the possible values of hKi,j , Kk,l i for i, j, k, l ∈ JnK with i 6= j and k 6= l.

Proposition 2. The orthogonal projections of an element p ∈ L(Sn ) on Bn and Cn are given by
n
X
X
3
3
pBn =
hp, Bi i Bi
and
pCn =
hp, Ki,j + Kj,n + Kn,i i Ci,j .
n(n + 1)! i=1
n.n!
1≤i<j≤n−1

Proof. We only need to show that the given expressions for pBn and pCn satisfy respectively
hp − pBn , Bi i = 0 for all i ∈ JnK and hp − pCn , Ci,j i = 0 for all i, j ∈ JnK with i 6= j. This
is done through explicit calculations using the formulas of lemma 2.
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Borda Count approximation of Kemeny’s Rule

For a collection of permutations σ1 , . . . , σN , the Borda Count is the voting rule that consists in
PN
affecting to the candidate/item i ∈ JnK the score t=1 σt (i) and then produce a full ranking of the
candidates by sorting them in increasing of these scores (notice that this does not define a unique
output as some candidates may receive the same score). The Borda Count is generalized
to the case
P
of a voting profile p ∈ L(Sn ) by replacing the score of the candidate i ∈ JnK by σ∈Sn σ(i)p(σ)
or equivalently by − hp, Bi i. The set BC(p) of the outputs of the Borda Count for p is therefore
fully characterized by pBn . The following proposition refines this observation.
Proposition 3. For p ∈ L(Sn ), BC(p) = {σ ∗ ∈ Sn | pBn (σ ∗ ) = maxσ∈Sn pBn (σ)} = Cd (pBn ).
Proof. Using the explicit formula of pBn from proposition 2, the first equality comes
Pn from the
following classic lemma: for a1 , . . . , an ∈ R+ with an ≥ · · · ≥ a1 , the maximum of i=1 ai σ(i)
is obtained for σ = id. The second equality is a direct consequence of lemma 1.
Proposition 3 says that the outputs of the Borda Count for p are exactly the modes of pBn and also
exactly the Kemeny consensuses of pBn . This surely justifies the name of “Borda space” for Bn .
The justification of the name “Condorcet space” for Cn comes from the fact that taking pCn into
account in Kemeny’s rule in addition to pBn outputs rankings for which the winners are Condorcet
winners (see theorem 3 of [18]). Our result provides a quantitative bound on the difference of costs.
Theorem 4. For p ∈ L(Sn ) and σ BC ∈ BC(p),
X

n−2
n!
| hp, Ki,j + Kj,n + Kn,i i |.
Rd,p σ BC − R∗d,p ≤ kpCn k∞ ≤
3
n
1≤i<j≤n−1

In particular, Rd,p σ BC = R∗d,p when p is globally consistent in the sense that pCn = 0.
Proof. By proposition 3, σ BC ∈ Cd (p) = Cd (p + µ) for any µ ∈ R. Theorem 1 thus gives
Rd,p σ BC − R∗d,p ≤ 2kTd (p − pBn − hp, 1Sn i /n!)k∞ = 2kTd pCn k∞ . The proof is concluded
using theorem 3, proposition 2 and the observation that kCi,j k∞ = n − 2 for i 6= j.
As stated in the introduction, the upper bound in theorem 4 is a quantitative measure of the pairwise
inconsistencies of p, each term | hp, Ki,j + Kj,n + Kn,i i | representing the inconsistency on the
triple {i, j, n}.

5

Conclusion

Using recent results on the spectral structure of the matrix of the Kendall’s tau distance, we showed
that the excess cost of the Borda Count approximation of Kemeny’s Rule is bounded by a quantitative
measure of the pairwise inconsistencies present in the data. Not only this result brings a deeper
understanding of the relations between the Borda Count and Kemeny’s rule but it also provides a new
theoretical guarantee for the Borda Count approximation scheme in practice. The novel framework
introduced in this paper can furthermore be used to obtain similar results for other consensuses and
voting rules.
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